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ABSTRACT
The interpretation of recent observations of bow shocks around O-stars and the cre-
ation of corresponding models require a detailed understanding of the associated
(magneto-)hydrodynamic structures. We base our study on three-dimensional numer-
ical (magneto-)hydrodynamical models, which are analyzed using the dynamically
relevant parameters, in particular, the (magneto)sonic Mach numbers. The analytic
Rankine-Hugoniot relation for HD and MHD are compared with those obtained by
the numerical model. In that context we also show that the only distance which can be
approximately determined is that of the termination shock, if it is a hydrodynamical
shock. For MHD shocks the stagnation point does not, in general, lie on the inflow
line, which is the line parallel to the inflow vector and passing through the star. Thus
an estimate via the Bernoulli equation as in the HD case is, in general, not possible.
We also show that in O-star astrospheres, distinct regions exist in which the fast,
slow, Alfve´nic, and sonic Mach numbers become lower than one, implying sub-slow
magnetosonic as well as sub-fast and sub-sonic flows. Nevertheless, the analytic MHD
Rankine Hugoniot relations can be used for further studies of turbulence and cosmic
ray modulation.
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1 INTRODUCTION
The interpretation of recent Hα observations of bow shocks
around O-stars (Meyer et al. 2016; Kobulnicky et al. 2017)
and their associated X-ray observations (e.g. De Becker et al.
2017) require a detailed analysis of the large-scale shock
structure around such stars. Simulations aiming at an im-
proved understanding of such observations have been per-
formed, e.g. by Decin et al. (2012), Cox et al. (2012), and
van Marle et al. (2014b) for M-stars, while Arthur (2012),
van Marle et al. (2015), Mackey et al. (2015) and Meyer et al.
(2017) discussed the evolution of stellar wind bubbles. These
authors modeled astrospheres using either a hydrodynami-
cal (HD) or a magnetohydrodynamical (MHD) approach, ei-
ther in one or two dimensions (1D or 2D). Recently, Scherer
et al. (2016b) used the example of λ Cephei, the brightest
runaway O-star in the sky (type O6If(n)p), to study shock
? kls@tp4.rub.de
structures in single-fluid HD models with and without cool-
ing and heating. Runaway O- and B-stars are common and
part of a sizable population in the Galaxy. A significant num-
ber of these exhibit a bow-shock-like structure and have been
discussed, e.g. by Huthoff & Kaper (2002), Gvaramadze &
Bomans (2008), Gvaramadze et al. (2011), and Kobulnicky
et al. (2010); see also Cox et al. (2012) for the corresponding
Herschel observations in the infrared. For further references
see Scherer et al. (2016b).
Here a full 3D magnetic field is used, which causes differ-
ent characteristic magnetosonic speeds because in the equa-
torial plane (ϑ = 90°) the Alfve´n speed is constant, while
over the poles it decays as r−2, where r is the distance from
the star. In the 2D simulation by Meyer et al. (2017), only
the radial part was taken into account, which corresponds
in the 3D simulation to a single line through the poles (the
variation of ϕ is negligible at the poles). Here we discuss
an obliquely oriented ISM magnetic field, while Katushkina
et al. (2018) only studied magnetic fields either perpendic-
ular or parallel to the flow. In Gvaramadze et al. (2018)
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the Vela-X binary is explored when it crosses an interstel-
lar disturbance. These authors also use a 3D magnetic field
structure but are more interested in the X-ray features than
in the details of the shock structure. The latter is the topic
of this work.
Hot stars are not alone in developing shock structures.
Cool F-, G-, K-, and even M-stars are driving supersonic
winds and may show bow shocks if the star’s velocity with
respect to the ambient interstellar medium (ISM) is suffi-
ciently high. Some of these structures of nearby stars can
be observed in Ly-α lines that are produced when neutral
hydrogen atoms are slowed down upon entering the shock
region (see, e.g., Wood et al. 2007; Linsky & Wood 2014).
In the literature a couple of 2D HD simulations exist,
for example, Brighenti & D’Ercole (1997), Comeron & Kaper
(1998) and lately Green et al. (2019, see also the references
therein concerning the HD flows). The problem with the
HD astrosphere models is always that the tangential discon-
tinuity, the astropause (AP), is notoriously unstable. For a
detailed discussion see Section 2.1.
In a series of recent papers (Scherer et al. 2015b,
2016b,a), we have modeled and discussed the astrosphere
around λ Cephei and its influence on the modulation of cos-
mic rays, albeit ignoring magnetic fields and their effects.
We have now improved the modeling by including both a
Parker-like stellar wind magnetic field at the inner boundary
and an interstellar magnetic field beyond the AP. While a
few aspects, including a comparison to observations of astro-
spheres around cool stars (such as the Sun), can be found in
Scherer et al. (2016a), here we continue the discussion using
an MHD model of λ Cephei and compare it with heliosphere-
like astrospheres and a wind bubble.
The paper is structured as follows: In Section 2, we dis-
cuss the models used and the resulting MHD structures. We
compare the O-star model efforts with those performed for
the heliosphere in Section 3, where we also show and dis-
cuss the motion of the bow shock, especially for the bubble
models, and conclude with a summary in Section 4.
2 GENERAL FEATURES OF THE MODEL
2.1 The input parameter and the numerical model
We use the 3D finite-volume MHD code Cronos (Kissmann
et al. 2018) based on a Riemann solver to perform simu-
lations on a star-centered spherical grid with a resolution
of Nr × Nϑ × Nϕ = 990 × 30 × 60 cells within a sphere of
r ∈ [0.03, 10] pc and full 4pi solid angle coverage. In this
study, three different models will be investigated: The as-
trosphere of λ Cephei, the heliosphere, and a wind bubble.
The corresponding physical parameters are listed in Table 1.
While in the case of the λ Cephei and the heliosphere models
the central star has a non-zero relative velocity with respect
to the ambient ISM, the wind bubble is at rest. As an exam-
ple, Fig. 1 shows the magnetic field lines and the flow lines
of λ Cephei at a time t = 1Myr, together with the AP in-
dicated by a contour of its number density. As can be seen,
the magnetic field lines and flow lines are neither parallel
nor perpendicular to each other, implying that the shock is
neither parallel nor perpendicular.
The employed angular resolution of 6◦ per cell in both ϑ
and ϕ may seem relatively coarse but is justified by noting
that the ensuing analysis will mostly focus on the shock
structure along the inflow axis. As will be discussed later,
deviations from axial symmetry can be expected, and are
indeed found to be rather small.
We used in the following the cooling function tested by
Schure et al. (2009) for solar metalicities, and tested also
(most of) the cooling functions given by Sutherland & Do-
pita (1993), Mellema & Lundqvist (2002), and Gnat & Fer-
land (2012). We did not find any differences to the model
presented here. Thus, the conclusion is that for strong inter-
stellar fields the cooling does not play a role for the dynamics
because of the magnetic pressure. Nevertheless, for the ob-
servational aspects it is important. Thus, the flow can be
treated as an ideal MHD scenario and one can apply the
Rankine-Hugoniot relations to the TS and BS (see below).
2.1.1 The stability of the astropause and shocks in (M)HD
simulations
When there exist a velocity shear in a fluid, the Kelvin-
Helmholtz (KH) instability can occur; if two fluids with dif-
ferent densities are separated by and interface they may be
effected by the Rayleigh-Taylor (RT) instability (for the HD
case see, for example Landau & Lifshitz 1987; Biskamp
2008), and (fort the MHD case Landau & Lifshitz 1984;
Biskamp 2008). Both instabilities can appear at the AP: In
the case of no relative motion the RT with its characteris-
tic blobs may show up, while in a counterflow configuration
(that is with a relative velocity) the KH may operate. These
two instabilities may both be present in HD simulations,
where they grow and may lead to very large structures, as
can be seen in the 2D HD simulations Brighenti & D’Ercole
(1997), Comeron & Kaper (1998) and lately Green et al.
(2019), where by close inspection of their figures a BS can
be found in front of some of the perturbed AP. These pertur-
bations at the AP are so large that they influence the entire
integration area, for a detailed discussion for the heliosphere
see Wang & Belcher (1998). In a counterflow configuration,
the relevant perturbation is of KH-type, which also does
appear at the AP but is transported into the downwind di-
rection, and usually does not interfere with the BS or AP. In
a 3D HD simulations by Reyes-Iturbide et al. (2019) these
features can also be found.
A detailed analysis of the KH in the case of the helio-
sphere is given by Ruderman & Brevdo (2006), where the au-
thors show that the magnetic field stabilizes the astropause.
The feature of a smooth astropause is mainly seen in he-
liospheric simulations (for example Pogorelov et al. 2017a)
and in the 3D MHD astrosphere simulations by Katushkina
et al. (2018) and Gvaramadze et al. (2018). Most of the in-
stabilities are discussed in detail for the heliosphere, a special
astrosphere.
We also want to emphasis here that in HD the Bernoulli
law holds, which states that the total pressure is constant
along a streamline. This is not the case in MHD, because
in momentum and energy equations there exist additional
terms connected to the 3D character of the magnetic field
(.i.e. ®B ⊗ ®B and ®B(®v · ®B), respectively).
In our models, the spatial cell size in r-direction is in
the order of 0.01pc with an angular resolution of about 5o.
However, to include instabilities like, for example, the KH
MNRAS 000, 1–15 (2019)
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Table 1. Initial values for the stellar wind (SW) are given at the inner boundary and those for the ISM at “∞” (or rather at the outer
boundary of the computational volume). Note that some models start at different inner boundaries (see first row). The cooling function
(using solar abundances) is described in Schure et al. (2009) and the heating function in Kosin´ski & Hanasz (2006).
Region parameter symbol unit Model
λ Cephei heliosphere Wind bubble
– inner boundary r0 AU 6000 1 6000
SW temperature Tsw K 1000 73640 105
SW speed vsw km s−1 2500 375 1500
SW angular frequency Ωsw µHz 17.7 2.7 –
SW number density nsw cm−3 4.1 7 1
SW magnetic field strength Bsw µG 0.67 40 100
ISM temperature Tism K 10 000 6530 1500
ISM speed vism km s−1 80 26.4 0
ISM latitude of inflow ϑv, ism 90◦ 0◦ –
ISM longitude of inflow ϕv, ism 180◦ 180◦ –
ISM number density nism cm−3 11 1 1.7
ISM magnetic field strength Bism µG 10 3 0
ISM magnetic field latitude ϑB, ism 45◦ 150◦ –
ISM magnetic field longitude ϕB, ism 45◦ 30◦ –
– cooling function Schure – Schure
– heating function Kosin´ski & Hanasz – Kosin´ski & Hanasz
instability, this resolution is not sufficient. The length scale δ
for the KH can be estimated based on a pure MHD flow us-
ing linear perturbation theory by kδ ≈ 1 (see Biskamp 2008),
where k is the wavenumber of the maximal growth rate of
the KH. Assuming that δ is of the order of a few proton
gyroradii Rg, in particular Rg = 10−7 pc in the outer as-
trosheath and much smaller in the inner one, the required
resolution is around 10−7 pc. This, however, is far beyond
current computational resources and, therefore, cannot be
taken into account. This, furthermore, also applies to other
processes like reconnection that requires a resolution of a
few gyroradii.
2.1.2 The shock and astropause distances
For the cases based on HD modeling, in which the Bernoulli
equation holds, the distance rTS to the termination shock
(TS) can be calculated as
rTS = r0
√
ρ0,sw v
2
sw
ρism v2ism
=
√
.
M vsw
4pi ρism v2ism
, (1)
using either the stellar mass loss rate
.
M or the stellar wind
mass density ρ0,sw at a specific reference distance r0. In this
study r0 is set as the inner radial boundary. Note that the
latter expression of Eq. (1) is know as the Wilkin formula
(Wilkin 2000), while the first one was first noted by Parker
(1958). For a more detailed discussion see also Scherer et al.
(2016b). Although this being the termination shock dis-
tance, other authors (del Valle & Pohl 2018; Katushkina
et al. 2017, among others) call the above distance the stand-
off distance or the bow shock distance (Meyer et al. 2016).
The reason why only the TS distance can be determined
is the fact that in ideal HD between the TS and the BS
Bernoulli’s law holds, while in the downstream region of TS
and BS the ram (ρv2/2) and thermal pressure (P) can be
calculated via the Rankine-Hugoniot equations. The TS dis-
tance (see Eq. (1)) will be used in the following to normalize
the distances.
Because for O-stars the magnetic field pressure is usu-
ally much lower than the ram pressure, this approach is
a useful approximation for MHD supersonic and superfast
magnetosonic scenarios which also include heating and cool-
ing. However, there is nothing like a Bernoulli law in ideal
MHD because of the terms ®B  ®B and ( ®B · ®v) ®B in the momen-
tum, respectively in the energy equation. Figure 2 shows the
total pressure ρv2/2 + P + B2/(8pi) for λ Cephei (left panel)
and V374Peg (right panel) along a line through the star and
parallel to inflow velocity at infinity, which is a streamline
for the HD, but not for the MHD case. This is clearly seen
in the figure, where for λ Cephei the total pressure at the
TS and BS, by chance, is the same but definitely not for
V374Peg, where different flow lines are crossed due to the
asymmetry. Thus, across the flow lines, the pressure is not
constant, which is indicated by the different peaks visible be-
tween the AP and the BS. Also, in the downstream regions
between the shocks, the total pressure in both cases is not
constant. Thus, in the case of MHD model efforts, Eq. (1)
gives only an approximation of the TS distance.
Further, we determined the TS, AP, and BS distances
of λ Cephei (see Fig. 3) for the six different directions listed
in Table 2: the nose- and tail-ward directions, the east- and
westward directions, and those over the two poles. The jump
in the thermal pressure determines the TS and BS. The lat-
ter is much larger than that of the density or speed, while
the AP distance is given by the minimum of the sonic Mach
number. We also present the upwind and downwind distance
of the TS using Eq. (1). In principle (for the MHD case), the
magnetosonic Mach numbers are a possible choice, but it is
not guaranteed that they jump from above to below one as
in the HD case. Additionally, in the case of (M)HD, the so-
called weak solution can occur in the flanks, where the Mach
numbers can be larger than one (see Scherer et al. 2016b).
As can be seen, in the case of λ Cephei the analyt-
ically estimated upwind TS distance, and the one deter-
mined from the model are almost identical. We also give the
asymmetry between the two opposite directions (i.e., up-
MNRAS 000, 1–15 (2019)
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Figure 1. Perspective renderings showing the wrapping of the flow lines (upper panels) and magnetic field (lower panels) around the
λ Cephei astropause. The left panels depict a view along the tail direction towards the central star, which shows the outflow in this
direction and the winding of the inner field, while in the right panel the interstellar flow lines and magnetic field lines are visualized. The
blocky surface indicates the AP, identified via its characteristic jump in number density. The blocks represent individual computational
cells.
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Figure 2. The total pressure along the inflow line. In the left panel the total pressure for λ Cephei is presented, while in the right panel
that for VPeg 374. It can be seen that the total pressure is not conserved, nor that it must have the same value at the BS and TS.
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Figure 3. The distances of the TS (left panel), the AP (middle panel) and the BS (right panel). Note the color bars indicating the
distances are different for each panel. In black areas around the colored feature the distances are not defined.
Table 2. Distances to the TS, AP and BS. In in the sixth column
the ratio of the rd/ru, rE/rW and rS/rN are given. The MHD shock
types are also indicated, where ”fast” is a fast shock, TD is the
tangential discontinuity, and ”no” means that there is no shock.
Distance analytic Model units Shock
type
Asym-
metry
ru (TS) 0.87 0.87 pc fast 2.08
rd (TS) 1.74 1.81 pc fast –
rW (TS) – 1.07 pc fast 1.04
rE (TS) – 1.11 pc fast –
rN (TS) – 1.19 pc fast 1.00
rS (TS) – 1.20 pc fast –
ru (AP) – 1.25 pc TD n.a.
rd (AP) – 2.95 pc TD –
rW (AP) – 1.85 pc TD 1.07
rE (AP) – 1.98 pc TD –
rN (AP) – 2.01 pc TD 1.01
rS (AP) – 2.03 pc TD –
ru (BS) – 1.86 pc fast n.a.
rd (BS) – 4.66 pc fast –
rW (BS) – – pc no n.a.
rE (BS) – – pc no –
rN (BS) – – pc no n.a.
rS (BS) – – pc no –
wind/downwind, east/west and north/south) as well as the
MHD shock type. Only for the TS in the upwind direction
an analytic calculation using the HD case can be given. To
calculate the TS distance analytically in the tail direction,
we assumed an asymmetry of two, which is used in Tables 3
to 4. For convenience, the projected distances are shown in
Fig. 3, reflecting that only the TS is defined for all directions
while the AP and BS distances are not (the white areas in
Fig. 3).
2.1.3 The analytical Rankine-Hugoniot and the modeled
shock relations
The MHD Rankine-Hugoniot relations also allow an ana-
lytic description of the relevant parameters at the TS and
BS under the assumption that we know the shock normal
vector ®n. The relevant equations can be found in any text-
book on MHD (e.g., Goedbloed et al. 2010) and are given
in Appendix A in the rest frame of the shocks. We assume
here that the shock normal ®n is always directed along the
x-axis. Some of the scalar upstream and downstream pa-
rameters for the TS and the BS are shown in Table 3 and
Table 4, respectively. Furthermore, Table 5 gives the mag-
netic field and velocities (upstream and downstream) in a
Cartesian coordinate system and in the frame constructed
by the normal vector and the tangential ones. The tables are
organized in such a way that we give first the boundary con-
ditions (inner one for the TS and the outer one for the BS),
then the parameters calculated with the assumption that the
shocks are hydrodynamical; in the next row the analytically
estimated MHD values are given, followed by those derived
from the numerical model. The tables also list the upstream
and downstream values. It can be seen that the TS is almost
a hydrodynamical shock because of the huge Alfe´nic Mach
numbers compared to the sonic ones, whereas the BS is a
fast, genuine MHD shock.
With the above values, other parameters, like Alfve´n
speeds, plasma beta, for example, can be easily determined.
Due to the analytic considerations, one has to assume a nor-
mal vector, which we aligned along the inflow axis (the x-
axis). Calculating the normal vector via the coplanarity the-
orem, it will be in general different to the above, simplified
assumption. The normal vectors are for both cases displayed
in Tables 5 and 6. The difference in the analytic and model
normal vector also causes the differences in the numbers in
Tables 3 to 6. Thus, to get a rough idea of the astrosphere
in mind, one can use the discussed analytic approach but
should be aware that a 3D model can differ substantially in
all directions, especially in those not aligned with the inflow
vector.
2.2 Observables
Unfortunately, the number density at the TS and beyond up
to the AP is very low (around 10−3 to 10−2 cm−3), thus even
with a very hot inner astrosheath (i.e. the region between
MNRAS 000, 1–15 (2019)
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Table 3. Stellar wind parameters derived from the Rankine-Hugoniot relations for ideal HD and MHD as well as for the numerical model
(see Appendix A). The second row gives the parameters at the inner boundary, the third to fifth are the parameters in front of the TS for
the analytic HD and MHD case and for the numerical model, respectively. The rows six to eight are the parameters beyond the shock.
For the analytic cases, the normal vector is directed along the x-axis, while for the numerical case it is calculated via the coplanarity
theorem. The parameters c, M, n, v, T, P, R, s are the sound speed, the sonic Mach number, number density, speed, temperature, pressure,
ram pressure, and compression ratio, respectively.
Parameter rmin upstream downstream units
HD Analytic MHD Analytic Model HD Analytic MHD Analytic Model
cn,sw 11.73 1.86 1.86 0.61 1173.94 1173.94 1730.15 km/s
ct,sw 11.73 1.16 1.16 0.38 1173.94 1173.94 1670.61 km/s
Mn,sw 179.04 1131.94 1131.94 4096.87 0.45 0.45 0.34
Mt,sw 179.04 1803.77 1803.77 6607.85 0.45 0.45 0.42
nn,sw 4.08 1.61 · 10−02 1.61 · 10−02 1.17 · 10−02 6.46 · 10−02 6.46 · 10−02 4.59 · 10−02 #/cm3
nt,sw 4.08 3.99 · 10−03 3.99 · 10−03 2.82 · 10−03 1.60 · 10−02 1.60 · 10−02 1.05 · 10−02 #/cm3
vn,sw 2100.00 2100.00 2100.00 2500.02 525.00 525.00 587.78 km/s
vt,sw 2100.00 2100.00 2100.00 2500.02 525.00 525.00 706.53 km/s
Tn,sw 1.00 · 104 250.19 250.19 27.07 1.00 · 108 1.00 · 108 2.18 · 108 K
Tt,sw 1.00 · 104 98.53 98.53 10.41 1.00 · 108 1.00 · 108 2.18 · 108 K
Pn,sw 8.45 · 10−12 8.37 · 10−16 8.37 · 10−16 1.32 · 10−16 1.34 · 10−09 8.93 · 10−10 1.38 · 10−09 dyne / cm2
Pt,sw 8.45 · 10−12 8.14 · 10−17 8.14 · 10−17 1.21 · 10−17 3.31 · 10−10 2.21 · 10−10 2.94 · 10−10 dyne / cm2
Rn,sw 1.51 · 10−07 5.96 · 10−10 5.96 · 10−10 6.14 · 10−10 1.49 · 10−10 1.49 · 10−10 1.33 · 10−10 dyne / cm2
Rt,sw 1.51 · 10−07 1.47 · 10−10 1.47 · 10−10 1.47 · 10−10 3.68 · 10−11 3.68 · 10−11 4.38 · 10−11 dyne / cm2
sn,sw – – – – 4.00 4.00 3.90
st,sw – – – – 4.00 4.00 3.72
Table 4. Interstellar medium parameters. The columns are ordered in the same way as in Table 3.
Parameter rmin upstream downstream units
HD Analytic MHD Analytic Model HD Analytic MHD Analytic Model
cn, ism 11.13 11.13 11.13 11.22 45.49 45.13 55.39 km/s
Mn, ism 7.19 7.19 7.19 6.98 0.46 0.48 0.41
nn, ism 11.00 11.00 11.00 11.31 41.59 40.67 39.70 #/cm3
vn, ism 80.00 80.00 80.00 78.38 21.16 21.64 22.45 km/s
Tn, ism 8999.24 9000.00 9000.00 9155.51 1.50 · 105 1.48 · 105 2.23 · 105 K
Pn, ism 4.10 · 10−11 1.37 · 10−11 1.37 · 10−11 4.29 · 10−11 8.80 · 10−10 8.31 · 10−10 1.22 · 10−09 dyne / cm2
Rn, ism 5.89 · 10−10 1.18 · 10−09 5.89 · 10−10 5.81 · 10−10 3.11 · 10−10 1.59 · 10−10 1.67 · 10−10 dyne / cm2
sn, ism – – – – 3.78 3.70 3.51
Table 5. The wind magnetic field and velocity vectors in the ecliptic at the TS. The indices 1, 2 are upstream and downstream,
respectively, and the indices n, t stand for the normal component and the tangential vectors.
Parameter MHD Analytic Model units
®n 1.00 0 0 0.88 -0.34 0.33
®B1 6.12 · 10−06 2.93 · 10−11 −1.29 · 10−18 2.38 · 10−07 −1.25 · 10−08 −1.19 · 10−08 µG
Bn 6.12 · 10−06 2.09 · 10−07 µG
®B1, t 0 2.93 · 10−11 −1.29 · 10−18 5.37 · 10−08 5.97 · 10−08 −8.09 · 10−08 µG
®B2 6.12 · 10−06 1.17 · 10−10 −5.16 · 10−18 2.22 · 10−07 −3.04 · 10−08 1.24 · 10−08 µG
®B2, t 0 1.17 · 10−10 −5.16 · 10−18 3.76 · 10−08 4.18 · 10−08 −5.66 · 10−08 µG
®v1 2100.00 0 0 2493.17 −130.66 −130.84 km/s
v1,n 2100.00 2193.89 km/s
®v1, t 0 0 0 564.32 624.88 −853.23 km/s
®v2 525.00 7.53 · 10−17 −3.32 · 10−24 585.44 −52.26 −4.86 km/s
v2,n 525.00 531.11 km/s
®v2, t 0 7.53 · 10−17 −3.32 · 10−24 118.49 130.64 −179.74 km/s
Table 6. The LISM magnetic field and velocity vectors in the ecliptic at the BS. The indices are analogous to those in Table 5.
Parameter MHD Analytic Model units
®n −1.00 0 0 −1.00 −7.66 · 10−03 7.06 · 10−02
®B1 −4.33 2.50 8.66 −4.33 2.50 8.66 µG
Bn 4.33 4.47 µG
®B1, t 0 2.50 8.66 −0.82 −3.97 −11.96 µG
®B2 −4.33 9.28 32.13 −6.52 −10.09 −29.95 µG
®B2, t 0 9.28 32.13 −2.06 −10.06 −30.26 µG
®v1 −80.00 0 0 −77.96 7.28 · 10−02 8.08 km/s
v1,n 80.00 78.33 km/s
®v1, t 0 0 0 0.18 0.67 2.55 km/s
®v2 −21.63 0.16 0.55 −21.92 −2.41 4.22 km/s
v2,n 21.63 22.18 km/s
®v2, t 0 −0.16 −0.55 0.20 −2.24 2.65 km/s
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TS and AP) the production of X-rays or Hα is strongly sup-
pressed. The number density beyond the AP, however, is
much higher, especially due to cooling effects (see Arthur
2012; Mackey et al. 2014; Scherer et al. 2016b). These re-
gions are therefore much more likely to be seen in Hα or
other observational channels (Mackey et al. 2015). The left
panel of Fig. 4 shows the line-of-sight (LOS) integration of
the computed Hα glow through the entire astrosphere, while
the right panel displays the outer astrosheath excluding the
high-density region (n > 12 cm−3). We, therefore, conclude
that the Hα glow mainly comes from the region in which
cooling increases the density of the interstellar material.
Thus, the total pressure remains constant along a stream-
line, but because the ideal gas equation implies P ∝ nT , the
density n must increase when the temperature T decreases in
order to keep the pressure P constant. Furthermore, it can
be seen that the contribution from other regions close to
the BS, the TS, or the AP are negligible. Indeed, the right
panel of Fig. 4 shows only the background, for example,
the recombination rate is suppressed by one order of magni-
tude compared to what is shown in the left panel, where the
outer astrosheath is the main contributor. Due to the scale
invariance inherent in the ideal MHD equations, models can
often be transferred between different parameter regimes by
rescaling, so the parameter space of different models to be
investigated is greatly reduced. Unfortunately, this scale in-
variance is broken by the cooling functions, which act mainly
in the outer astrosheath, i.e., the region between AP and
BS, and cause the extent of this region to shrink. Because the
stellar wind pressure at the astropause still needs to be bal-
anced, this leads, again, via the ideal gas law, to an increase
of the number density in the outer astrosheath close to the
AP. The outer AP thus shrinks because close to the BS, the
material is cooled, and the pressure is reduced. Finally, the
temperature reaches its interstellar equilibrium value, and
the pressure can only be increased through an increase in
density. The presence of a magnetic field complicates this
process because then the respective sums of magnetic and
thermal pressures, rather than thermal pressures alone, have
to be balanced at the AP, which in fact is a tangential discon-
tinuity and not a contact discontinuity. For the latter, see,
for example, Goedbloed et al. (2010). Moreover, it should
be noted that the fast magnetosonic speed should be lower
than the fluid speed in order to maintain a bow shock struc-
ture. Otherwise, the bow shock vanishes, and a bow wave
may appear (see, e.g., Zank et al. 2013).
Looking at Hα images of stars (see Scherer et al. 2016b,
for λ Cephei), no instabilities can be seen. There are two
possible explanations: (1) the observation resolution of cur-
rent instruments is too small to resolve such features, or (2)
the emission does not appear in the astropause, but in front
of it. The latter is clearly supported by our previous find-
ings (see Scherer et al. 2016b), where the number density
of the protons in front of the astropause increases dramat-
ically. As a consequence, a “hydrogen wall” in front of the
astropause will appear, similar to that of the heliopause.
However, the physical processes are different: while at the
heliopause charge exchange processes with interstellar neu-
tral hydrogen play a crucial role, in astrospheres, recombi-
nation is the most relevant physical process. The hydrogen
wall can be seen when comparing the left and right panels
of Fig. 4. In the latter case, instabilities like the KH cannot
be seen in Hα. The KH can only appear at the astropause,
which is a tangential discontinuity with different parallel (to
the astropause) speeds on both sides.
As discussed in the following, due to the additional mag-
netosonic waves, the MHD structure is much more complex
than the one following from pure HD.
3 DETAILED MHD STRUCTURES
3.1 λ Cephei-like astrospheres
3.1.1 The initial magnetic field
The stellar-wind magnetic field Bsw at the inner bound-
ary (r0 ≈ 0.03pc), which is assumed to be frozen-in at that
boundary is chosen in such a way that it corresponds to a 100
times stronger magnetic field at 1AU compared to that of
the solar wind, B,w. This is based on observations of stellar
surface magnetic fields Bss (e.g. Peri et al. 2015) and Walder
et al. (2012) who gave a review of stellar magnetic fields,
which are often multipoles or fossil fields. At large distances
the multipoles behave like a dipole, which we adopt here.
Because only stellar surface fields are observed, we compare
those with the solar surface magnetic field B.s. If the latter
fields differ, we assume that the stellar wind magnetic fields
differ the same way, i.e.
Bsw
B,w

1AU
=
Bss
B,s
. (2)
Beyond the last critical point of the stellar wind (Lamers
& Cassinelli 1999), we assume that the magnetic field is
passively advected in the flow, and can be treated as a Parker
spiral field
®Bsw(®r) = (Bsw |1AU)
r20
r2
(
®er + r Ωsw
vsw
sin ϑ®eϕ
)
(3)
into the inner computational volume. At the outer boundary,
the homogeneous ISM field is applied, and both fields meet
in an intermediate transition region of finite width, where a
spatially weighted average of the respective vector potentials
establishes a smooth and divergence-free transition.
3.1.2 The plasma β
The interstellar magnetic field strength of 10µG was cho-
sen to be distinctly above the average Galactic field of
about 3µG (Planck Collaboration et al. 2016). But even this
rather high field strength only causes a small asymmetry
compared to other astrospheres, like the highly asymmetric
heliosphere. The reason is that unlike in thermal plasmas,
where the so-called thermal plasma beta
βtherm =
8piP
B2
(4)
determines the dynamics, for super-fast magnetosonic sce-
narios the thermal pressure P in Eq. (4), in which the scalar
pressure terms in the momentum equation are compared,
should be replaced by the ram pressure ρv2/2. This results
in
βram =
8pi
B2
ρv2
2
, (5)
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Figure 4. The left panel shows the full line-of-sight (LOS) integration of the Hα flux through the astrosphere, while in the right panel
all the contributions from high-density (n > 12 cm−3) areas are excluded. The high-density area (in the left panel) can be identified as a
region close to the astropause, where the peak in density appears. White notches appear in the right panel where all model cells were
excluded in the respective lines of sight due to the density criterion.
where ρ and v are the density and speed, respectively (see
Scherer et al. 2016b). The most general expression is there-
fore
β =
8pi
(
ρv2
2
+ P
)
B2
. (6)
In the subsonic case, the thermal pressure dominates the
numerator, while in the supersonic case the ram pressure is
higher. Thus, Eqs. (4) and (5) are upper and lower limits of
Eq. (6). It is also instructive to note that Eq. (6) may be
written as
β =
v2 + (2/γ) v2s
v2A
=
(
1 +
2
γM2s
)
M2A, (7)
where vs and vA are the thermal sound speed and the Alfve´n
speed, respectively, while Ms and MA denote the correspond-
ing Mach numbers.
This explains why the astrosphere around λ Cephei is
more or less axially symmetric with respect to the inflow
axis. As shown by Scherer et al. (2016b), the interstellar βram
is equal to 140, while for the heliosphere βram = 0.8. There-
fore, the magnetic field is dynamically important for the
heliosphere and produces a strong asymmetry (e.g. Scherer
et al. 2016b; Pogorelov et al. 2017a). Consequently, the large-
scale structure of astrospheres around runaway stars with
high velocities relative to the ISM will be almost symmetric
like in HD scenarios, at least in the upwind direction.
For a more detailed description, Fig. 5 compares the
different pressure terms. As can be seen, the total pressure
is dominated by the ram pressure inside the TS and jumps
by a factor of four at the TS, which is in agreement with the
Rankine-Hugoniot relations. Moreover, it reaches very low
values at the stagnation point on the AP. (It should vanish
on both sides of the astropause because the normal velocity
is zero; this, however, can not be realized due to numerical
limitations.) Beyond the TS, over the AP towards the BS,
the thermal pressure dominates, with a small contribution
of the magnetic field pressure at the AP.
For the stellar magnetic field, which is assumed to be a
Parker-like spiral field, the magnetic pressure decays in the
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Figure 5. The profiles for λ Cephei of total pressure (black
solid line), thermal pressure (red dotted line), magnetic field pres-
sure (blue dashed line), and ram pressure (green dash-dotted line)
along the “inflow axis”. The vertical grey lines mark the positions
of the TS, the AP, and the BS (from left to right).
ecliptic as r−2 but over the poles as r−4, and we find the
thermal plasma β to scale as
βtherm ∝
{
r−4/3 in the ecliptic
r+2/3 over the poles
(8)
because the pressure decay is proportional to r−10/3. Thus,
for subsonic conditions, the magnetic field pressure in the
ecliptic is larger than the thermal pressure, and vice versa
over the poles. However, in the supersonic case, we find
βram ∝
{
r0 in the ecliptic
r+2 over the poles
(9)
since mass continuity implies ρ ∝ r−2 for constant speed vsw.
3.1.3 Flow properties
To discuss the flow properties, it is convenient to consider the
Mach numbers for the different wave speeds, which are the
sonic Mach number Mc, the Alfve´n Mach number MA, the
MNRAS 000, 1–15 (2019)
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Figure 6. Profiles for λ Cephei of characteristic speeds together
with the actual flow speed v along the inflow axis (left panel) and
the corresponding Mach numbers (right panel). The vertical grey
lines are from left to right the TS, AP and BS.
fast magnetosonic one Mf , and the slow magnetosonic Mach
number Ms (e.g. Goedbloed et al. 2010). The correspond-
ing speeds are denoted by vc, vA, vf , and vs. The profiles for
these quantities, which have been extracted from the simula-
tions, are presented in Fig. 6. Note that the speeds and Mach
numbers are given in the observer frame. To calculate the
Rankine-Hugoniot jump conditions, these parameters have
to be transformed into the shock rest frame (see below). In
Appendix A, we present the Rankine-Hugoniot relations for
the HD and MHD scenarios and compare these analytic re-
sults with those from our λ Cephei model. As can be seen
from Fig. 6, the flow speed shows the expected behavior: It
almost vanishes at the AP and jumps by a factor of four
at the TS and BS. The sound speed vc is lower than v in
the supersonic regime, inside the TS and outside the BS,
and higher inside. The Alfve´n speed is constant inside the
TS because the spiral magnetic field in the ecliptic (in the
model the plane containing the stagnation line) drops as r−1
while the density drops as r−2 and thus the Alfve´n speed is
constant along the stagnation line up to the TS. Beyond the
TS, it jumps slightly by a factor of two, because B jumps
roughly by a factor of four and
√
ρ by a factor of two. The
Alfve´n speed then remains mainly constant and starts to in-
crease towards the AP, where it reaches its maximum value
and decreases again towards the BS, where another jump by
a factor of two occurs.
The fast magnetosonic speed vf is mostly dominated
by the sound speed, except in the outer astrosheath, where
the sound speed and Alfve´n speed are of the same order. vs
is almost zero inside the TS, jumps at the TS, and drops
to zero in a region of the inner astrosheath. It reaches its
maximum at the AP and then decreases until it jumps at
the BS to the unperturbed interstellar value.
As can be seen from the left panel of Fig. 6, Mf and
Mc are almost identical. They are higher than one inside
the astrosphere and in the unperturbed ISM, and smaller
than one elsewhere. Both MA and Ms are always greater
than one, except for a narrow region at the AP. Close to the
AP, there is a region in which Ms drops below one. Thus,
a transition from a super- to a sub-slow magnetosonic flow
in the flanks can be expected. Thus, transitions can indeed
be seen in the panels of Fig. 7 and Fig. 8, in which these
regions are plotted in the ecliptic plane. The upper and lower
panels of Fig. 7 show the quantities M and v, respectively.
While the left panels display the results in the flank (that
is the direction 90° off the inflow direction), the right panels
show the results above the north pole (i.e., the direction 90°
above the ecliptic). As can be seen in Figs. 6 and 7, there
are subtle differences in the Mach numbers as well as in the
characteristic speeds. The transition at the TS in the flank
and over the pole is more or less the same as that along
the inflow axis (see Fig. 6), while the transition at the BS
is much weaker. The latter is caused by the fact that in
these regions the shock is more oblique and thus, the Mach
numbers decrease, as do the compression ratios. The latter
can be found by solving the Rankine-Hugoniot equations, or
directly from the model.
While detailed knowledge of these structures is quite
helpful for the understanding of cosmic-ray transport mod-
els, a discussion of the latter is beyond the scope of this work
(but see Scherer et al. 2015a; Pogorelov et al. 2017a). The
importance of the Mach numbers was already discussed in
Webb et al. (1986), while in the recent literature (Pogorelov
et al. 2017a, and references therein), mainly numerical mod-
els were used to model the cosmic ray transport. The latter
requires the knowledge of the diffusion tensor and the drift
coefficients, both strongly depending on the fluctuations and
the compression ratio (Mach numbers), as discussed in, for
example, Schlickeiser (2002). The detection of non-thermal
emission from a runaway O-star was reported by Benaglia
et al. (2010), see also del Valle & Pohl (2018).
Fig. 8 shows contours of the four relevant Mach numbers
Mi , i ∈ {c,A, f, s} in the ecliptic in an interval centered on the
respective transitions Mi = 1. The latter is represented by
a black dashed line, which can easily be seen for Mc (upper
left panel of Fig. 8) and hardly in the case of Mf (upper right
panel of Fig. 8). The sonic Mach number Mc behaves sim-
ilarly as in the HD case: There is an additional tangential
discontinuity emanating from the triple point in the tail di-
rection. The triple point may be identified as the sharp edge
in the tail. There is another sonic line closer to the inflow
direction, which also extends into the tail direction. This is
different from the stationary HD case where it matches the
AP and then extends towards the BS. The third line with
Mc = 1 starts in the flanks and lies close to the BS. There
is also a Mc < 1 region near the nose. The oblique shocks in
the flank region are usually weak shocks, i.e., Mc > 1 behind
the shock. Although the plasma in the outer astrosheath is
strongly cooled, the temperature is nevertheless still high
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Figure 7. Similar to Fig. 6: the left panel is in the inflow plane, but with an angle of 90° with respect to the inflow direction, and the
right panels show the parameters over the pole.
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enough to enforce Mc < 1 everywhere except in the flank
region toward the tail.
The Alfve´n Mach number MA is always much higher
than expected in an area around the nose direction (see
lower right panel of Fig. 8.As can be seen, MA maintains
higher values shortly after the BS but then drops below one
before increasing again towards the AP. In the region where
MA < 1, the flow becomes subslow magnetosonic, and thus
the magnetic field decreases to lower values (see below). In
the upper right panel of Fig. 8), it is evident that the the
transition region is almost infinitesimally small in the nose
region. Interestingly, there is also a small area in the nose
region in which Ms < 1 (lower right panel).
The discussion given above shows that λ Cephei-like
astrospheres with magnetic fields have a complicated struc-
ture, indicating that studies of cosmic-ray propagation
within and through such a structure require further investi-
gations (Scherer et al. 2015b, 2016a).
As can be seen from Fig. 5 and Table 3, the magnetic
pressure does not play any role for the dynamics, and could
easily be set to zero. We nevertheless retained its non-zero
value because it does not effect the overall computation time.
3.2 Heliosphere-like astrospheres and wind
bubbles
One of the main differences between the astrospheres of hot
and cool stars is that hot stars can ionize their surroundings,
while cool stars are not able to do so. Therefore, in cool
star scenarios like, for example, our heliosphere, a neutral
component and its interaction with the ions must be taken
into account. Besides, their astrospheres are smaller because
the ram pressure the stellar winds of cool stars is usually
much lower than that of hot stars. Thus, the cooling by
photons does not play such a crucial role like, for example,
in the large astrospheres around O-stars. To compare such a
scenario with the O-star models, we neglected the influences
of the neutrals, and call it heliosphere-like scenarios. The BS
of a hot star is not affect by neutrals, because the astrophere
(except of the tail) is inside the Stro¨mgren sphere, and thus
all particles are ionized. Stellar wind bubbles, on the other
hand, are a special subclass of astrospheres. Here, no relative
motion between the star and the ambient medium exists.
Thus, the bow shock is moving outward (away from the star)
until its speed reaches the local sound speed (magnetosonic
speed). After becoming a bow wave (Pogorelov et al. 2017a),
it vanishes completely, corresponding to a subsonic inflow for
astrospheres. These scenarios are also numerically harder to
handle because disturbances can reach the outer boundary,
which makes it hard to define the values at ”infinity.”
The cooling depends strongly on the density of the
plasma, thus in other scenarios, like in dust-driven winds
(Lamers & Cassinelli 1999) the cooling can take place at the
TS as well as on the BS. For line-driven or solar-like winds
the number density at the TS is usually so low that cooling
does not take place.
3.3 Comparison of the different scenarios
In the following, a heliosphere-like astrosphere, four
λ Cephei-like ones (with and without cooling), and one wind
bubble without relative motion with respect to the ISM (see
Table 1) will be studied in more detail, (see also van Marle
et al. 2014a), where an HD and MHD simulations are dis-
cussed. There also the difference between the unstable ”bow
shocks” in HD and the ”stable” ones in MHD can be seen. As
discussed above, this is caused by the notoriously unstable
tangential discontinuities in HD, but the stable astropauses
in MHD. It is well known that the ideal MHD equations can
be made dimensionless by normalizing length L, mass den-
sity ρ, velocity v, magnetic field amplitude B, and thermal
pressure P according to
L = l0 L′ = rTS L′, ρ = ρ0 ρ′, v = v0 v′,
B = B0 B′, P = ρ0v20 p
′, (10)
using normalization constants (indicated by a lower index
“0”). Thereby, v0 is most often chosen to be the Alfve´n speed
vA,0 = B0/
√
4piρ0 or, if B = 0, as the sound speed of ideal
gases. The time scale then follows from the length scale as
t0 = l0/v0 = rTS/v0. Thus, all astrospheric models based on
ideal (M)HD are self-similar and scale-invariant if cooling
is neglected. This scale-invariance is violated by the inclu-
sion of cooling or neutrals that interact with the plasma via
charge exchange. Other effects like viscosity or resistivity
that usually are not considered in astrosphere models, will
also break the scale-invariance, i.e., they require the intro-
duction of dimensionless parameters such as the magnetic
or viscous Reynolds numbers.
Nevertheless, we will use the normalization constants
ρ0 = ρ(rTS), B0 = 10µG, and l0 = rTS to show the normalized
number density along the inflow axis (see upper panel of
Fig. 9). One should keep in mind that the actual value of
rTS is different for all models shown here. From the upper
panel of Fig. 9 it shows that astrospheres without magnetic
fields and cooling (green line) extend deeply into the ISM,
while those without magnetic fields but with cooling (cyan
line) show a stronger shrinking of both the inner and outer
AP, and also features a high-density peak in front of the
AP. Note that the height of this density peak depends on
the applied cooling function (not shown here). In the next
two models, the magnetic field is switched on, first without
cooling (red line) and then with cooling (blue line). The
model without cooling also extends deeply into the ISM, but
the number density in the outer astrosheath remains nearly
the same, and the BS moves further inwards due to the non-
zero magnetic field pressure. For the case with cooling, the
BS also moves inward, but the density peak is now lower
compared to the non-magnetic case. The magnetic fields also
stabilize the position of the AP: both APs are of similar
extent in this case, while in the case without a magnetic field,
the presence of cooling clearly separates the AP extensions.
Moreover, the interstellar density in the models without
magnetic fields and cooling seems to be lower than that of
the other λ Cephei models. This is merely an artifact of the
normalization to a different rTS, which can more clearly be
seen in the wind bubble model (middle panel), in which the
bubble, still expanding into the ISM, causes the TS to move
to larger distances. However, since the density then decreases
with r−2, the normalized values of the ISM density change.
In the wind bubble model, one can clearly see that
the relative density increases with time for the same rea-
son: the TS moves outward, and the stellar wind density
decreases further towards the TS while the absolute ISM
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Figure 9. Upper panel: number density as a function of distance,
both normalized to values at the TS. The colored solid lines have
the initial parameters for λ Cephei. The black line indicates a
heliosphere-like astrosphere (see Table 1). The color coding is as
follows. Green: B = 0 without cooling, cyan: B = 0 with cooling,
red: B > 0 without cooling, blue: B > 0 with cooling. The TS
position is indicated by the vertical dotted line. The next sudden
increase occurs at the AP, and the step-like decrease at larger
distances is the BS. As can be read off, the TS is a strong shock
with a compression ratio of 4. The middle panel shows the wind
bubble model at times t = 50 kyr (black), t = 100 kyr (red), t =
200 kyr (blue), and t = 300 kyr. The motions of the TS, AP and
BS are nicely seen. Lower panel: Corresponding shock speeds at
the TS (squares) and at the BS (triangles), using the same color
coding as on the upper panel, but the bubble models are shown as
dotted lines. The cross indicates the HD analytically determined
BS speed for the energy-conserving snow-plow phase.
density remains constant. Thus, the normalized density has
to increase. It is also shown that the BS moves outward rel-
ative to the TS, and so does the AP. Towards the end of the
calculation, the speed of the BS becomes lower (see lower
panel).
We note that if the normalized values for different sce-
narios are the same or similar, the above solutions can be
used simply by converting the TS radius in physical units.
This does not hold if different normalized initial values are
used. Moreover, the expansion velocity vx obtained by HD
conservation laws differs remarkably from those shown in
Fig. 9. For the energy-conserving snow-plow phase we have:
vx = 16.8
(
L36
µ nISM
)1/5
t−2/56 [kms/s] (11)
where L36 = 10−32
.
M v2∞ and t6 = t×10−6 yrs (see for example
Lamers & Cassinelli 1999). For the wind bubble parameters
from Table 1, this gives nism = 1.7part./cm−3 and a mass-
loss rate
.
M= 6.8 · 10−6M /yr for λ Cephei, where M is the
solar mass. Inserting the time steps as used in Fig. 9, we get
different expansion speeds for the BS, i.e. for t = 50, 100, 200,
and 300 kyr we get vx = 95, 72, 55, 46 km/s. These speeds
differ from those obtained by our model because of the ad-
ditional magnetic field, which also causes a non-spherical
shape of the corresponding astrosphere (see van Marle et al.
2015). These velocities are indicated in Fig. 9 by crosses.
The shocked stellar wind density in the inner as-
trosheath, defined as the region between the TS and the
AP, is constant. This is true for all models, because in the
inner astrosheath the fluid is nearly incompressible, which
means that also the pressure is more or less constant, except
for a small influence from the flow speed according to the
Bernoulli equation in the HD case.
In the MHD case, this is not a priori clear, but the sim-
ulation apparently leads to only small corrections because of
the weak magnetic field in this region. The reason is that the
magnetic field decreases in the ecliptic as r−1 but jumps at
the TS only by a factor of four, while the thermal pressure
jumps by orders of magnitudes and is much higher in the in-
ner astrosheath compared to both the ram pressure and the
magnetic field pressure. Thus, the behavior is more HD-like
in that region. Finally, we note that the heliosphere-like as-
trosphere (black line) has a subsonic inflow speed, and thus
forms no bow shock. It can be seen in all models that the
density jump (or compression ratio s) reaches its maximum
value of s = 4 both at the TS and the BS.
The TS and the BS are both fast magnetosonic shocks,
while in the region in front of the astropause, there is a
region bounded by a slow magnetosonic shock. This region,
in particular, deserves more attention since it is equivalent
to a huge magnetic island. Similar structures can be found
in the heliosphere, see Opher et al. (2012). Studies at a much
higher resolution are currently under development. However,
see the discussion by Ha et al. (2018) for the difficulties to
accelerate protons at quasi-parallel slow shocks.
4 SHOCK SPEEDS
The shock speed
u =
ρ1 v1 − ρ2 v2
ρ1 − ρ2
(12)
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can be easily calculated from the Rankine-Hugoniot equa-
tion derived from the continuity-, momentum-, and energy
equation, where indices 1 and 2 refer to the regions seen in
the stellar rest frame, opposite to those described in Fig. 9,
respectively. As can be seen, a negative speed means that
the shock speed is directed towards the observer, whereas
the sum of the shock speed and the stellar wind speed is
directed outward. For some models, for example, those with
high speeds (vsw ≈ 1000 km/s) and low densities at the TS
(nsw ≈ 10−3 cm−3), the numerical evaluation of Eq. (12) may
cause problems. It is then more advantageous to calculate
the shock speeds from consecutive time steps with suffi-
ciently large separation. The shock speeds for some models
(calculated with the latter method) are shown in the bottom
panel of Fig. 9.
From Fig. 9 it can be seen that the TS and BS speeds are
consistent with zero in the cases of astrospheres with relative
supersonic motion, which can be used to get a handle when
the numerical models reach stationary conditions.
In the case of the wind bubble models, it can nicely be
seen that the TS and the BS are moving outward at differ-
ent speeds. While the TS reaches a nearly constant speed be-
tween 50 and 200 kyr, the BS only reaches a stationary state
after about 500 kyr. The speed of the BS is decreasing for
all displayed times. From the middle panel of Fig. 9, it can
also be seen that the compression ratio (shock strength) de-
creases with increasing time. Thus, we can conclude that the
BS will move outwards until the compression ratio reaches
unity, and the BS becomes a sound wave.
Finally, the lower panel of Fig. 9, in addition, shows
that if the bubble model is still in evolution, its outward
expansion slows down and will eventually become a sound
wave and the bow shock structure will disappear. However,
the time scales involved exceed 1 Myr, which is close to the
lifetime of massive stars. Thus, beyond that time, one can
expect other effects like, for example, a change in the stellar
wind speed to become important. The shocks in the upwind
direction of the astrosphere models are at rest, i.e., are
stationary.
5 CONCLUSIONS
In this paper, the analytic 3D (M)HD structure of different
astrospheres were described for the first time, and regions
with different characteristic speeds have been identified. The
knowledge about these regions and their properties is impor-
tant, for example, for the description of turbulence and the
propagation of cosmic rays in these cavities (Scherer et al.
2015b, 2016a).
Webb et al. (1986) already showed the importance of
Mach numbers for cosmic ray acceleration in MHD models
and Scherer et al. (2015b) used for simplicity the param-
eters derived from the heliosphere. In this study, we, for
the first time, have shown the Mach numbers to determine
the shock structure or even its existence: If the fast magne-
tosonic Mach number of the ISM is lower than one, no bow
shock will exist as discussed for the heliosphere (Pogorelov
et al. 2017b). The Mach numbers also are used to deter-
mine the MHD shock type, especially for the existence of a
fast or possible slow shock. However, to include the above-
discussed Mach numbers to recalculate the diffusion tensor
requires a reanalysis of the relevant turbulence parameters,
see, for example, the recent work by Moloto et al. (2018).
Based on both theoretical arguments and simulations
in full 3D, we demonstrated that the spatial shock structure
of astrospheres such as the one around λ Cephei is approxi-
mately axially symmetric. That implies that it would indeed
be reasonable for follow-up studies to use high-resolution 2D
settings instead, at least as long as their focus is not on is-
sues related to, for example, magnetic structure and field
lines which are indeed three dimensional, as can be seen in
Fig. 1.
We also determined the motion of the bow shock, which,
for models without relative motion between the star and the
ISM, diminishes with time. The BS continues to move away
from the termination shock, which is also not yet station-
ary. In the scenarios with no relative motion, it was shown
that the speed of both the TS and the BS approach to con-
stant but non-zero values on a timescale of about 105 years
which is consistent with the recent literature (for example
van Marle et al. 2014a). For the astrospheres with high rela-
tive velocities with respect to the ISM, some of these speeds
are still high, indicating that the model has not yet reached
stationary conditions.
We have also shown that the Hα glow mainly comes
from a region where the shocked interstellar density is high-
est, which occurs neither at the BS nor at the astropause,
but close to the latter, creating a hydrogen wall. The con-
tribution from the shocked but extremely hot stellar wind is
negligible because its number density is too low.
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APPENDIX A: THE RANKINE-HUGONIOT
RELATIONS
To obtain the Rankine-Hugoniot relation in (magneto-
)hydrodynamics, one shall use the conservative form of the
Euler equations, in which one then can replace the diver-
gence by the multiplication with the normal vector and the
partial time derivative by multiplication with the negative
shock speed (−u) (Goedbloed & Poedts 2004; Goedbloed
et al. 2010). In the general case (oblique shocks), it is hard
to determine the shock normal, while from models it is rel-
atively easy to do: Knowing the upstream and downstream
magnetic fields (or velocities for the HD case) one can use
the coplanarity theorem (Burlaga 1995):
®n = (
®B1 − ®B2) × ( ®B1 × ®B2)( ®B1 − ®B2) × ( ®B1 × ®B2) (A1)
or in the HD case
®n = ®v2 − ®v1|®v2 − ®v1 |
(A2)
We denote with the index n the projection of a vector to the
normal, for example vn = ®v · ®n, hence ®vt = ®v − vn®n. Note that
there are two tangential directions perpendicular to each
other.
The indices 1, 2 denote the upstream and downstream
region, respectively. To simplify the calculations, one either
transforms into the shock rest frame (i.e. ®v′ = ®v − u®n), or as-
sumes that the shock is stationary u = 0 (we neglect the
′ in the following). The indices n, t then denote the nor-
mal and tangential components of the vectors, respectively;
ρ, P, ®u, ®B, γ are the density, thermal pressure, plasma (bulk)
velocity, magnetic field and polytropic index. We introduce
the following short hand notations:
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vA,n,i ≡
Bn,i√
ρ
normal Alfve´n speed
vc ≡
√
γP
ρ
sound speed
M ≡ MA,n,i ≡
un,i
VA,n,i
normal Alfve´nic Mach number
MA,t,i ≡
un,1
√
ρi
Bt,i
“tangential” Alfve´nic Mach number
Ms,n,i ≡ un
vc
normal sonic Mach number
s ≡ ρ2
ρ1
=
un,1
un,2
compression ratio
The normalized MHD Rankine-Hugoniot equations are (e.g.
Goedbloed et al. 2010)
nρuno = 0 (A3a)
ρu2n + P +
1
2
B2t

= 0 (A3b)
ρun
®ut − Bn  ®Bt = 0 (A3c)
ρun

1
2
(u2t + u2n) +
1
ρ
(
γ
γ − 1P + B
2
t
)
−
−Bn

(®ut · ®Bt)

= 0 (A3d)
nBno = 0 (A3e)
ρun
 ®Bt
ρ

− Bn
®ut = 0 (A3f)
If ®B = ®0, we have a hydrodynamic shock, for Bn a per-
pendicular shock, and for Bn , 0, ®Bt , ®0 a genuine (oblique)
shock. Then the solution of the Eqs. (A3) are in the HD case
linear, for perpendicular shocks quadratic, and for genuine
shocks cubic in s . The latter can be found after a tedious
but straightforward algebraic manipulation. Thus we have
a3s
3 + a2s
2 + a1s
1 + a0 = 0 (A4)
The coefficients for the HD case are:
a3 = 0 (A5a)
a2 = 0
a1 = 2 + (γ − 1)M2s,n,1
a0 = −(γ + 1)M2s,n,1
for the perpendicular shocks:
a3 = 0 (A6a)
a2 = 2M2s,n,1
a1 = (2 + (γ − 1)M2s,n,1)M2A.t,1 + 2γM2s,n,1
a0 = −(γ + 1)M2A.t,1M2s,n,1
Table A1. Compression ratios for HD and perpendicular shocks.
In the HD case the last three lines are not defined and MA, t,1 →∞.
exact lim
MA, t,1→∞
ρ2
ρ1
=
un,1
un,2
= s s
®ut,2 = ®ut,1 −
P2
P1
= γ
(
1 − 1
s
)
M2s,n,1 +
γ
2
M2s,n,1
M2A, t,1
(1 − s2) + 1 γ
(
1 − 1
s
)
M2s,n,1
Bt,2
Bt,2
= s −
®Bt,2 = s ®Bt,1 −
v2A, t,2
v2A, t,1
= s −
and for the genuine shocks:
a3 =
[
2 − (γ − 1)
(
2D − 1 + 3 tan2 ϑ1
)
M2s,n,1
]
M2 (A7a)
− 2(γ − 1)(D − 2 tan2 ϑ1)M2s,n,1
a2 =
[
−4 +
(
(2D − 2 − tan2 ϑ1)(γ − 1) + tan2 ϑ1
)
M2s,n,1
]
M4−[
(tan2 ϑ1 + 1)(γ + 1) − 2D(γ − 1)
]
M2s,n,1M
2
a1 =
[
2 + (γ − 1)M2s,n,1
]
M6 +
[
γ(tan2 ϑ1 + 2) + 2
]
M2s,n,1M
4
a0 = −(γ + 1)M2s,n,1M6
with
D =
®ut,1 · ®Bt,1
un,1Bn
. (A7b)
Having determined the compression ratio s, we can
easily calculate the remaining parameters of interest from
Eqs. (A3). For the perpendicular and HD shocks we have
Table A1 and for the genuine shocks Table A2.
With the compression ratio and the ideal gas law we get
easily the temperature, and all other parameters in mind.
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Table A2. Compression ratios and downstream values for vectors
for the genuine shocks.
exact lim
M2→∞
ρ2
ρ1
=
un,1
un,2
= s s
®ut,2 = ®ut,1 + (1 − s)
s −M2
un,1
Bn
®Bt,1 ®ut,1
P2
P1
= γM2s,n,1
s − 1
s
+ 1 +
(1 − s)M2
βt,1
(s + 1)M2 − 2s
(M2 − s)2 γM
2
s,n,1
s − 1
s
+ 1 − 1−s2βt,1
®Bt,2 = s
[
M2 − 1
M2 − s
]
®Bt,1 s ®Bt,1
B22 = s
2 (M2 − 1)2
(M2 − s)2 B
2
1 − (s − 1)M2
(s + 1)M2 − 2s
(s −M2)2 B
2
n s
2B2t,1 − (s2 − 1)B2n
B22
B21
= s2
(M2 − 1)2
(M2 − s)2 − (s − 1)M
2 (s + 1)M2 − 2s
(s −M2)2 cos
2 ϑ1 s
2 sin2 ϑ1 + cos2 ϑ1
v2A,n,2
v2A,n,1
=
1
s
1
s
v2A, t,2
v2A, t,1
= s
(M2 − 1)2
(M2 − s)2 s
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